Floquet symmetry protected topological (FSPT) phases are non-equilibrium topological phases enabled by time-periodic driving. FSPT phases of 1d chains of bosons, spins, or qubits host dynamically protected edge states that can store quantum information without decoherence, making them promising for use as quantum memories. While FSPT order cannot be detected by any local measurement, here we construct non-local string order parameters that directly measure general 1d FSPT order. We propose a superconducting-qubit array based realization of the simplest Ising-FSPT, which can be implemented with existing quantum computing hardware. We devise an interferometric scheme to directly measure the non-local string order using only simple one-and two-qubit operations and single-qubit measurements.
Time-periodic (Floquet) driving enables fundamentally new symmetry-protected topological (SPT) phases of matter with dynamical properties that could not occur in thermal equilibrium [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] . Floquet SPT (FSPT) phases in 1d chains of interacting spins or qubits exhibit protected edge modes that undergo a repeating sequence of topologically protected spin-echoes that dynamically decouples them from bulk sources of decoherence [6, 11] . In MBL settings these edges can store quantum information in a topologically protected manner, without the need to cool the system near its ground-state [6, 11, 12] . Practically, 1d FSPT phases actually have less stringent symmetry requirements than their equilibrium counterparts [6, 11] . This feature allows them to be implemented with simple, realistic two-particle interactions, and paves the way for their realization in a variety of experimental setups including trapped ions, Rydberg atoms [11] , and superconducting qubits.
The topological structure of 1d FSPTs can be formally understood by mapping the time-periodicity of the drive onto an effective additional discrete time-translation symmetry [5, 6] . This enables a systematic classification and characterization of their topological properties via group cohomology methods [4] [5] [6] or via topological features in the entanglement dynamics [6, 11] .
Despite the theoretical progress in understanding these non-equilibrium topological phases, a viable method to directly measure the dynamical topological invariants of FSPT phases remains elusive. In fact, the global topological properties of FSPT phases cannot be revealed by any local measurements (though it may be indirectly inferred by the presence of robust edge states). In this paper, we construct a non-local dynamical string order parameter to directly measure the 1d FSPT order, by extending a related construction for static SPTs to the dynamical realm [13] [14] [15] .
After developing the general theory of such string-orderparameters for FSPT phases, we specialize to the simplest example of an FSPT protected by an Ising (Z 2 ), spin-flip symmetry, and demonstrate that long-range string order * philippd@utexas.edu can be used as a numerical diagnostic for this FSPT order. We then propose a simple protocol to realize this Ising-FSPT phase in transmon superconducting qubit arrays. Despite the complicated and non-local form of the string order parameters, we outline a practical interferometric scheme to measure them in recently developed two-leg ladders of superconducting qubits.
FSPTs as charge pumps -To formally establish the existence of dynamical string order in 1d FSPT phases, we focus on an FSPT phase with Z n symmetry [16] . The generator g of the Z n symmetry has eigenvalues e 2πiq/n , where q ∈ {0, 1, . . . , n − 1} is the charge associated with the symmetry. We can generally view the phase as a chain of lattice sites, with an on-site representation of the symmetry. Define operatorsq ± x that raise or lower the symmetry charge on site x, so that g †q± g = e ±2πiq/nq± . Our construction derives from an intuitive picture of the formal FSPT classification as a charge pump [6] . In the FSPT phase, the Floquet operator U (T ) acts as a "quantum Archimedes' screw", pumping a quantized symmetry charge across the system and onto the ends of the chain. This global charge pumping is mediated by local charge transfer between nearby sites, as illustrated in FIG. 1 . Charge Pump Schematic. -The FSPT evolution during one period is a topological charge pump. The topological aspect of U (T ) can be interpreted as locally nucleating dipoles of symmetry chargeq +q− . These dipoles annihilate with neighboring dipoles and transfer a net symmetry charge across the system. Non-topological evolution gives additional trivial MBL dynamics which is not shown.
arXiv:1709.08631v2 [cond-mat.str-el] 6 Oct 2017 Fig. 1 . While there is no net accumulation of charge in the bulk after a full period, a charge q is removed from the left edge of the chain and added to the right edge. Since the symmetry charges take discrete values, the amount of charge pumped cannot be continuously changed by any symmetric, T-periodic perturbation: it is a topological invariant of the FSPT phase.
The periodic pumping cycles the charge of the edge through all possible charges, thereby precisely canceling out any net coupling between the edge and the bulk. This results in topologically protected edge states. This dynamical decoupling is analogous to a spin-echo protocol on a single spin. Crucially, however, the pulse in a spinecho protocol needs to be precisely tuned to achieve exact refocusing; the FSPT achieves perfect decoupling over a range of driving parameters due to the topological protection.
Dynamical string order -The charge pumping picture suggests a simple way to construct a non-local string order parameter that detects the FSPT order even far from the boundaries. The idea is to induce an artificial edge, by truncating the Floquet evolution to a finite interval, and then to measure the accumulated charge. Specifically, suppose the FSPT is produced by a local time-dependent Hamiltonian H(t) =
x h x (t), where each term h x (t) acts only within a finite-region around site x. We define the restriction of the evolution to an in-
Just as the full Floquet operator U pumps a symmetry charge across the entire system in the FSPT phase, U [i,j] pumps one across the interval [i, j]. We need to compensate this charge accumulation by acting withq − i ,q + j to obtain the actual non-local order parameter [17] :
When acting on an MBL eigenstate, U [i,j] preserves the state of local integrals of motion (LIOM) [18] [19] [20] deep inside the interval up to exponential accuracy in ∼ |i − j|/ξ, yielding only an overall phase. Apart from this phase, U [i,j] acts non-trivially only near the edge of the interval, where it deposits or removes charge. Since the charge pumped by U [i,j] generically spreads over a region of characteristic size the localization length ξ, it is not precisely cancelled by the site-local operatorsq A minor complication is that the string order exhibits glassy behavior -while the amplitude of n|S [i,j] |n remains non-zero for a FSPT state, its phase will randomly vary with i and j, in a state-dependent fashion. This is analogous to magnetic order behavior of a spin-glass. To avoid that the eigenstate average vanishes to this trivial phase variation, we consider an Edwards-Anderson type order parameter
Here |H| is the total number of states of the system. While convenient for simulations, (2) is unsuitable for experiments since it is not possible to directly prepare an exact Floquet eigenstate |n . Instead, one must look for temporal string correlations frozen into the long time dynamics by measuring
in a quantum quench from an arbitrary initial state |ψ 0 .
On averaging over long time-intervals and over different initial states |ψ 0 , C
S exhibits a transient decay from 1 to saturate at a non-zero value ≈ C S at long times.
Dual perspective -A complementary perspective on the string order parameter comes from a dual description of 1d SPT states as condensates of charged domain walls (DWs) [22] . For example, an equilibrium 1d SPT state with symmetry group Z n × Z m , can be constructed from a Z n -symmetry breaking state by condensing DWs of the Z n order that are bound to charges of the Z m symmetry (see Appendix B). Kramers-Wannier duality then maps the non-local Z m -charged DW condensate into a local Z n × Z m -breaking dual-magnetic order, whose Landau order parameter is just the dual of the string-order parameter.
A related construction applies for FSPTs, which can be mapped onto 1d equilibrium SPTs with an extra timetranslation symmetry [5, 6, 23] . We can then obtain an FSPT state from DW condensation in a state that spontaneously breaks this dynamical time-translation symmetry -a discrete time-crystal [23] [24] [25] [26] [27] . A discrete time-crystal exhibits persistent nT -periodic oscillations, of which there are n distinct oscillating patterns that are related by evolving for one period U (T ), analogous to the n different magnetic domains of a Z n magnet which are related by applying the symmetry generator. By analogy to the equilibrium construction above, an FSPT state can be obtained from a time-crystal by condensing domain walls in the time-crystalline order bound to symmetry charges of G.
To relate this dual description to the string order parameter, note that, when acting on a time-crystal state, the U long-range order in charged-DW creation and annihilation operators, i.e. the string order parameter detects the charged-DW condensate.
Superconducting Qubit implementation -Having deduced a non-local string order parameter that detects a general FSPT invariant, we now propose a scheme to experimentally realize the simplest FSPT phase with a Z 2 (Ising) symmetry and measure its non-local string order using arrays of superconducting transmon qubits. Dramatic progress in superconducting qubit technology has led to recent demonstrations of linear [28] and two-leg ladder arrays [29] with 10's of qubits. The long coherence times and programmable single-and two-qubit gates in these systems provide an ideal platform for exploring nonequilibrium Floquet phases. Conversely, MBL and FSPT physics are naturally advantageous for these systems, as they can be achieved in non-equilibrium quenches from an arbitrary initial state and do not require the difficult preparation of correlated many-body eigenstates.
One obstacle to obtaining a 1d FSPT realization in these systems is that the two-qubit interactions naturally take the form
whose U (1) symmetry does not, by itself, support an FSPT phase. In Appendix A, we show that a sequence of staggered two-qubit operations and single-qubit rotations can be used to generate effective Ising interactions H Ising = i J i (t)X i X i+1 . These enable a variety of nonequilibrium phases including MBL spin-glasses [20] and discrete time-crystals [23] [24] [25] [26] [27] .
For the purpose of realizing a Z 2 FSPT, this protocol can be compressed into a simpler one with only three steps per Floquet period (Fig. 2b) :
The random fields h i ∈ [−h, h] both induce MBL and break down the U (1) symmetry of the two-qubit gates to a Z 2 Ising symmetry generated by g = i X i . The last two sequences of pulses lead to symmetry charge pumping and edge states when the system is in the FSPT phase. On an open chain of size L at parameter J = π/2, the time evolution is simply U (T ) = Z 1 Z L e −i i hiXi . This realizes the zero correlation-length limit of the FSPT. The operators Z act on the left and right ends of the chain, flipping the edge spins in the x basis. The flipping exactly corresponds to adding a charge Z i =q + i or removing a charge Z i =q − i -these two operations are equivalent for a Z 2 symmetry. Over the course of two periods the edge-spin undergoes a spin-echo process that decouples it from the bulk motion which is T -periodic.
We numerically map out the phase diagram with varying J, simulating arrays of up to 12 qubits. Disorder is fixed to its maximal value h = π and T = 1 is the unit of time. We observe three distinct phases: for small J, the system is a trivial MBL paramagnet, for J close to π/2 the system is an MBL FSPT, and for intermediate J, the system thermalizes.
To distinguish the MBL and thermal regions, we compute the half-system entanglement S Fig. 3a .
We diagnose the FSPT order in two ways. First, via the coherence time τ coh of the edge spins in an open chain, by fitting the disorder averaged spin-correlations Z 1 (t)Z 1 (0) to an exponential form ∼ e −t/τ coh (Fig. 3b ). Near J = π/2, τ coh increases rapidly, and also diverges with system size L as expected for topologically protected edge-states. Second, we compute the eigenstate averaged string order parameter, C S (1, L/2 + 1) in a periodic chain (Fig. 3c) . We observe finite size behavior consistent with long-range spin-glass string-order. At small and intermediate J it decreases exponentially with system size L as expected for disordered systems. At a critical J c , the order onsets and grows to 1 at J = π/2; in the ordering region C S (1, L/2 + 1) saturates to a non-zero constant with increasing L.
Measuring the non-local order parameter -An obvious challenge to observing the string order parameter is its complicated and non-local form. This obstacle can be surmounted by making two copies of the system, and performing a quantum interferometric sequence that maps the string order parameter to a simple set of single-qubit measurements in the computational basis.
Our scheme realizes copies of the FSPT phase in a L × 2 array of qubits that has local transmon coupling between the two chains (Fig. 2a) . Such two-leg ladder devices with L = 8 have recently been experimentally realized by the IBM group [29] . The idea is to initialize the two chains into the same state, |ψ , so that the overall system is in state |Ψ = |ψ ⊗ |ψ . Next, we evolve the first row of qubits with time-evolution V n = S [i,j] U (nT ), and the second with V n = U (nT )S [i,j] . Both V and V can be readily implemented by selectively applying the sequence (4) to the spins inside the interval [i, j], or to the entire chain in the appropriate order, resulting in |Ψ = (V n |ψ ) ⊗ (V n |ψ ). Next, suppose that one is able to measure the SWAP operator Σ, which exchanges the states of the two systems, defined by Σ|ψ 1 ⊗ |ψ 2 = |ψ 2 ⊗ |ψ 1 . For the above choice of V and V , the SWAP measurement simply produces the dynamical string-correlations:
In pioneering experiments [30] , a protocol to measure entanglement via SWAP operators [31] was experimentally implemented in bosonic optical lattice systems. We can adapt this boson-based scheme for use in qubit arrays as follows (see also [32] ). Consider the pair of qubits in a given column. Viewing each qubit as an effective spin-1/2, we can describe the four-possible states of this pair by the singlet and triplet states, and consider the action of SWAP in this columnpair basis. Only the column singlets transform under a SWAP operation, acquiring a (−1) phase. Therefore, the overall SWAP eigenvalue is equal to (−1) Ns where N s is the number of column-singlets. To facilitate measurement of N s we can first perform the unitary operation:
that maps a singlet configuration on column j to the un-entangled product state | ↑ 1,j ↓ 2,j , and can be implemented via single-qubit rotations followed by two-qubit inter-row interactions. After applying W , the SWAP operator measurement can then be performed simply by measuring all qubits in the computational basis, and recording (−1) N ↑↓ where N ↑↓ is the number of columns measured in the | ↑ i,1 ↓ i,2 configuration. Figure 4 numerically shows the expected results of this dynamical string order parameter measurement in the Ising FSPT model, (4), for various values of J crossing from the FSPT to the trivial, thermal phases. The FSPT regime shows a well-saturated long-time average, with little finite size evolution. By contrast, the trivial and thermal phases show a rapid decay of string-correlations.
This proposal outlines a practical route towards realizing an FSPT phase and directly measuring the FSPT order that is accessible to the current generation of superconducting qubit devices. The practical limits of topological quantum information storage will require detailed modeling of noise and qubit errors for a given hardware implementation. Noise that is incommensurate with the driving period will tend to melt the MBL bulk and lead to decoherence. In contrast, the topological nature of the FSPT protects entirely against static, symmetry preserving errors, enhancing the fidelity compared to generic quantum memories.
Appendix A: Generating Ising interactions from two-qubit gates
As discussed in the main text, Floquet SPTs are only possible with discrete symmetries, while the coupling between superconducting qubits using transmon coupling is naturally U (1) symmetric due to the phase symmetry of the superconductor. We can break this U (1) symmetry to Z 2 , by applying a series of staggered single-site rotations. Specifically, consider one of the bond application of (4)
Conjugating this unitary with the staggered π/2 pulses
changes the relative sign between XX and Y Y terms in U E (J). Together with applying U E (J ) with coupling J , this allows independent tuning of the two terms:
For J = −J only an Y Y Ising term remains. In addition to breaking the U (1) symmetry, the sequence of pulses here has the key property that each unitary is still symmetric under the Z 2 symmetry g = i X i , which protects the FSPT phase. We can repeat this conjugation with the pulses U P for two-qubit interactions on the odd staggered bonds U O (J). A modification of the full pulse sequence (4) with only Ising interactions would be Here, we illustrate the string-order parameter and dual charged-domain wall condensate description for a 1d equilibrium (ground-state) SPT with symmetry group: Z n × Z m , and then construct the analogous properties in a Floquet SPT with symmetry group Z n .
String order in equilibrium 1d SPTs
We begin by reviewing the classification of 1d equilibrium SPTs [33] [34] [35] with symmetry group Z n × Z m , by constructing solvable, fixed point Hamiltonians that realize each of the non-trivial SPT phases in this class based on a decorated domain wall construction [22] . These fixed point Hamiltonians enable one to directly deduce the appropriate non-local string order parameters of these phases, and also allow a concrete demonstration that the SPT phases are decorated DW condensates.
Consider a spin chain with n-(m-) state spins on even (odd) numbered sites respectively. We can describe the n-state spins by "number" operators: N 2i with eigenvalues e 2πij/n with j ∈ {0, 1, . . . n − 1}, and raising and lowering operators η
j by +1 mod n, i.e. η − N η + = e 2πi/n N . Similarly define operators M 2i+1 with eigenvalues e 2πik/m with k ∈ {0, 1, . . . m − 1}, and raising and lowering operators µ ± for the m-state spins. With these ingredients, one can construct a solvable Hamiltonians with SPT ground-states of the form:
where j ∈ {0, 1, . . . n − 1}, and m ∈ {0, 1, . . . , m − 1}. This Hamiltonian has a Z n × Z m symmetry generated by g n = i N 2i , and g m = i M 2i+1 , and generalizes the Z 2 × Z 2 SPT made from spins-1/2:
Zero correlation length -One can verify that the Hamiltonian terms commute if k and j are common multiples of m and n and k = m n j. For example:
in which case we obtain a zero-correlation length Hamiltonian. There exist LCM(m, n) distinct values of j for which we obtain such commuting Hamiltonians, corresponding to the Z LCM(m,n) group structure of SPT phases. To see that these are indeed fixed point Hamiltonians of SPT phases we can examine the structure of edge modes.
Edge modes -In a semi-infinite chain with site indices i = 1, 2 . . . , there are Z m edge mode operators that commute with the Hamiltonian, whose algebra is generated by:μ
which obey the same algebra as the µ and M operators of individual m-state spins on odd sites. However, unlike the bulk m-state spins, these edge modes transform projectively under the Z n symmetry. Namely, acting on the edge mode, the Z n -symmetry generator commutes with M only up to an overall projective phase:
I.e. we can represent the action of the symmetry restricted to the edge modes as:
which form a projective representation of the Z m × Z n symmetry: 
[i,j] = +1 in the ground-state, regardless of i and j, the SPT states show long-range string order with respect to S (m) . We next interpret this long range string order as a condensation of domain walls (DWs) of the Z n breaking order, bound to Z m symmetry charges. Consider taking a Z n symmetry-breaking ground-state, |FM a defined by:
2πia/m |FM a ∀i. There are n-distinct such ground-states labeled by a ∈ {0, . . . , n − 1}, which are related by the Z n symmetry. Acting on this state, the string operator S (m) I creates a DW at the edges of the interval i and also adds charge ±k to the left and right boundaries respectively. Hence, we can also interpret the long-range order of S (m) as a condensate of these charged DWs.
While we have deduced these properties for the zerocorrelation length fixed point Hamiltonian, by definition, an arbitrary FSPT state, |ψ SPT in the same phase as H will differ only by a finite-depth symmetry preserving local-unitary transformation U . I.e for any other SPT ground-state there exist such a U for which:
Since U commutes locally with the string of symmetry generators N appearing in S m , the transformed string
only within a region that is exponentially well-localized near the endpoints of the interval i, j. Hence, the expectation value of the non-rotated string, will generically be non-zero in any SPT state with the same projective edge symmetry: ψ SPT |U † S
[i,j] U |ψ SPT ≥ 0.
Dual formulation of the FSPT string order
1d FSPTs can also be viewed as equilibrium SPT phases generated by a static Hamiltonian, but with an enlarged symmetry group that incorporates the discrete time-translation symmetry of the drive. This relationship provides a complementary route towards constructing the string order parameter for an FSPT phase. Specifically, the Floquet operator for a 1d FSPT, the Floquet operator, U (T ), cannot be written as e −iHt for any local, static, symmetry preserving Hamiltonian H. However, there generally exists an integer N for which the time-evolution operator for N periods can be written as evolution under a local, symmetric, and time-independent Hamiltonian, i.e.: ∃ N s.t. U (N T ) = e −iN HT . However, this effective Hamiltonian, H, is not completely arbitrary, but rather, "remembers" that it comes from time-evolution under N identical driving periods. Namely, in addition to any microscopic symmetry group G, H also has an emergent dynamical symmetry generated by: g = e iHT U (T ) [23] . This dynamical symmetry satisfies g N = 1 (forms a Z N group), consists of a product of quasi-local unitary operators due to the MBL nature of H and U (T ). Unlike an ordinary microscopic symmetry, however, this dynamical symmetry g is emergent, and its precise form depends on the details of the drive U (T ) (it can be explicitly constructed, for example, using a high-frequency expansion).
The FSPT phases can be understood has SPT phases with this enlarged symmetry group containing both G and Z N [5, 6] . This relation enables one to classify FSPTs using equilibrium methods such as group-cohomology approaches [36, 37] . In addition, this framework provides valuable insight into other non-equilibrium phases, such as discrete time-crystals, which spontaneously break the emergent dynamical symmetry, manifesting in persistent oscillations at a fixed multiple of the fundamental driving period (fraction of the driving frequency).
In fact, the FSPT phases have a dual description in terms of modified time-crystals, which enables a complementary construction of the string order parameter.
Let us consider the dynamical analog of the decorated
